The distributional transform (DT) is amongst the computational methods used for estimation of high-dimensional multivariate normal copula models with discrete responses. Its advantage is that the likelihood can be derived conveniently under the theory for copula models with continuous margins, but there has not been a clear analysis of the adequacy of this method.
Introduction
There are classical statistical models in the literature for regression and prediction with spatial continuous data for which parameter estimation and inference are straightforward. These models are based on the multivariate normal (MVN) distribution, applied to a possibly transformed response (for a thorough review see Diggle and Ribeiro (2007) ). But applications of these models are invalid for discrete spatial categorical and count response data. These data occur in several disciplines such as epidemiology, ecology, agriculture, to name just a few. Flexible models for such data are not widely available and usually hard to fit due to the fact that available multivariate discrete distributions can have only certain properties, as for example they provide limited dependence or they can have marginal distributions of a given form. Most of the existing literature is concerned with the generalized linear mixed model proposed by Diggle et al. (1998) . This model was initially proposed for the analysis of correlated count data by Aitchinson and Ho (1989) . Limitations of this model are that the marginal distributions belong to a specific parametric family, and, because the correlation structure come from a continuous multivariate mixing distribution, the possible choices are very limited. Thus, it seems that there is a lack of flexible models appropriate for spatial discrete data or flexible marginal choices.
In this paper, we use copulas (distributions with uniform margins on the unit interval) to overcome this problem. The power of copulas for dependence modelling is due to the dependence structure being considered separate from the univariate margins; see, for example, Section 1.6 of Joe (1997) . A discrete regression spatial model through copulas is not new. A copula approach was recently proposed and studied by Madsen (2009) , Kazianka and Pilz (2010) , Kazianka (2013) and Hughes (2014) who explored the use of MVN copulas to describe the distribution of geostatistical and spatially aggregated data, respectively. Implementation of the MVN copula for discrete data is possible, but not easy, because the MVN distribution as a latent model for discrete response requires rectangle probabilities based on multidimensional integrations (Nikoloulopoulos et al., 2011) . Song (2007) , influencing other or lower. Madsen (2009) and Madsen and Fang (2011) proposed a different simulated likelihood method to "approximate" the likelihood, by using the continuous extension (CE) of a discrete random variable developed in Denuit and Lambert (2005) and applied the method to geostatistical and longitudinal discrete data, respectively. Shi and Valdez (2014a,b) also used the simulated likelihood method based on the CE for longitudinal and multivariate insurance claims. Kazianka and Pilz (2010) and Kazianka (2013) proposed and studied respectively a fast surrogate likelihood method, by approximating the rectangle probability with a copula density using the distributional transform (DT); see Ferguson (1967) for an early appearance. Both the simulated likelihood method based on the CE and the surrogate likelihood method based on the DT have the advantage that the likelihood can be derived conveniently under the theory for copula models with continuous margins. Hughes (2014) recommended the simulated likelihood method based on the CE and the surrogate likelihood method based on the DT along with the composite likelihood (CL) method (Varin, 2008) for modelling spatially aggregated discrete (areal) data and used the simulated likelihood method based on the CE to "judge" the DT and CL approaches. It came as somewhat of a surprise to us, because (a) asymptotic and small-sample efficiency calculations in Nikoloulopoulos (2013b) have shown that the simulated likelihood method based on the CE is a very inefficient approach; it leads to substantial downward bias for the estimates of the latent correlation and the univariate marginal parameters that they are not regression coefficients for fully specified multivariate normal copula-based models, and, (b) CL methods are well established as an alternative of maximum likelihood when the joint probability is too difficult to compute; they lead to unbiased estimating equations (Varin et al., 2011) . Note in passing that they have been studied for copula modelling by Zhao and Joe (2005) .
The surrogate likelihood method based on the DT cannot be recommended until its properties have been studied and compared to efficient existing methods. The DT method has been previously used in copula literature, e.g. to prove stochastic ordering results and construct tests of dependence properties in Rüschendorf (1981) and Rüschendorf (2009) , respectively. Although its application to copula dependence modelling for discrete data is novel, its asymptotic properties has yet to be established in that context. The contribution in this paper is (a) to examine thoroughly the accuracy and the adequacy of the surrogate likelihood method based on the DT using asymptotics and small-sample efficiency studies; (b) to study the estimation of the MVN copula model with discrete responses via the simulated likelihood method proposed by Nikoloulopoulos (2013b) in a high-dimensional/spatial context. The remainder of the paper proceeds as follows. Section 2 has a brief overview for MVN copula models. Likelihood estimation methods are provided in Section 3. Section 4 and Section 5 contain theoretical (asymptotic properties of the estimators) and small-sample efficiency calculations, respectively, to assess the accuracy of the discussed likelihood estimation methods. Section 6 presents applications of the likelihood estimation methods to two areal data sets. In these examples, it turns out that the surrogate likelihood method based on the DT could lead to invalid inference.
We conclude with some discussion in Section 7.
Overview and relevant background for MVN copula models
A copula is a multivariate cdf with uniform U (0, 1) margins (Joe, 1997 (Joe, , 2014 Nelsen, 2006) . If F is a d-variate cdf with univariate margins F 1 , . . . , F d , then Sklar's (1959) theorem implies that there is a copula C such that
The copula is unique if F 1 , . . . , F d are continuous, but not if some of the F j have discrete components. If F is continuous and (Y 1 , . . . , Y d ) ∼ F , then the unique copula is the distribution of
where F −1 j are inverse cdfs. In particular, if Φ d (·; R) is the MVN cdf with correlation matrix
and N(0,1) margins, and Φ is the univariate standard normal cdf, then the MVN copula is is the MVN copula (or any other parametric family of copulas) and
is a function of x and the p-dimensional regression vector β, and γ is the r-dimensional vector of univariate parameters that are not regression coefficients, is a parametric model for the jth univariate margin then
is a multivariate parametric model with univariate margins F 1 , . . . , F d . For copula models, the re- (Nikoloulopoulos, 2013a; Nikoloulopoulos and Joe, 2014) .
Likelihood estimation methods
In this section, we discuss the simulated likelihood method proposed by Nikoloulopoulos (2013b) and the surrogate likelihood method based on the DT (Hughes, 2014; Kazianka, 2013; Kazianka and Pilz, 2010) . The simulated likelihood method based on the CE (Hughes, 2014; Madsen, 2009; Madsen and Fang, 2011; Shi and Valdez, 2014a,b) is not discussed/used in the sequel since its inefficiency has been shown in Nikoloulopoulos (2013b) and should be avoided for copula dependence modelling with multivariate/longitudinal discrete data.
Simulated likelihood
For a sample of size n with data y 1 , . . . , y n , the joint log-likelihood of a MVN copula model is
where h(·; β, γ, R) is the joint pmf of the multivariate discrete response vector Y. The pmf can be obtained by computing the following rectangle probability,
where φ R denotes the standard MVN density with latent correlation matrix R.
There are several papers in the literature that focus on the computation of the MVN rectangle probabilities. The dominant of the methods is a quasi Monte Carlo method proposed by Genz (1992) and Genz and Bretz (2002) . The method achieves error reduction of Monte Carlo methods with variance reduction methods as (a) transforming to a bounded integrand, (b) using antithetic variates, and (c) using a randomized quasi Monte Carlo method. The test results in Genz and Bretz (2002, 2009) show that the method is very efficient, compared to other methods in the literature. Note in passing that the implementation of the proposed algorithms in Genz and Bretz (2002) is available in the mvtnorm package in R (Genz et al., 2012) . This advance in computation of MVN probabilities can be used to implement high-dimensional MVN copula models with discrete response data.
Nikoloulopoulos (2013b) proposed a simulated likelihood (hereafter SL) method, where the rectangle MVN probabilities in (2) are computed based on the methods in Genz and Bretz (2002) .
The estimated parameters can be obtained by maximizing the simulated log-likelihood in (2) over the univariate and copula parameters (β, γ, R). Since the estimation of the parameters of the MVN copula-based models is obtained using a quasi-Newton routine (Nash, 1990) applied to the loglikelihood in (2), the use of randomized quasi Monte Carlo simulation to four decimal place accuracy for evaluations of integrals works poorly, because numerical derivatives of the log-likelihood with respect to the parameters are not smooth. In order to achieve smoothness, the same set of uniform random variables should be used for every rectangle probability that comes up in the optimization of the SL. The method was initially proposed for the analysis of discrete longitudinal data (Nikoloulopoulos, 2013b) . We refer the interested reader to this paper for more details.
Surrogate likelihood based on the DT
Copula models were originally developed for continuous responses where the density is obtained using partial derivatives of the multivariate copula cdf, and hence the numerical calculations are much simpler. Kazianka and Pilz (2010) and Kazianka (2013) proposed and studied respectively a surrogate likelihood method, by approximating the rectangle probability in (3) with a copula density using the DT (Ferguson, 1967) .
The surrogate likelihood takes the form
where
are the univariate marginal pmfs. Since the MVN copula has a closed form density
matrix, the authors avoid the multidimensional integration, and hence the numerical calculations are much simpler and faster. The estimated parameters can be obtained by maximizing the surrogate log-likelihood in (4) over the univariate and copula parameters (β, γ, R).
Asymptotics
In this section, we study the asymptotics of the surrogate likelihood method based on the DT (Hughes, 2014; Kazianka, 2013; Kazianka and Pilz, 2010) , along with the asymptotics of the SL in Nikoloulopoulos (2013b) , and we assess the accuracy based on the limit (as the number of clusters increases to infinity) of the maximum surrogate likelihood estimate (DTMLE) and the maximum SL estimate (MSLE). We restrict ourselves to a MVN copula model with a positive exchangeable dependence structure. For positive exchangeable correlation structures, the d-dimensional integrals conveniently reduce to 1-dimensional integrals (Johnson and Kotz, 1972, p. 48) . Hence, MVN rectangle probabilities can be quickly computed to a desired accuracy that is 10 −6 or less, because 1-dimensional numerical integrals are computationally easier than higher-dimensional numerical integrals. If one computes the rectangle MVN probabilities in (2) with the 1-dimensional integral method in Johnson and Kotz (1972) , then one is using a numerically accurate likelihood method that is valid for any dimension (Nikoloulopoulos, 2013b) .
By varying factors such as dimension d, the amount of discreteness (binary versus count response), and latent correlation for exchangeable structures, we demonstrate patterns in the asymptotic bias of the DTMLE and MSLE, and assess the performance of the surrogate and simulated likelihood. Note that the performance of the SL method has been already assessed in Nikoloulopoulos (2013b) and it is shown that it is good as maximum likelihood for dimension 10 or lower. For the cases where we compute the probability limit, we will take a constant dimension d that increases.
For marginal models we use Bernoulli(µ), Poisson(µ), and negative binomial (NB). For the latter model, we use both the NB1(µ, γ) and NB2(µ, γ) parametrization in Cameron and Trivedi (1998) ; the NB2 parametrization is that used in Lawless (1987) . For ease of exposition, we also consider the case that µ is common to different univariate margins and does not depend on covariates.
Let the T distinct cases for the discrete response be denoted as
In a random sample of size n, let the corresponding frequencies be denoted as n (1) , . . . , n (T ) and p (t) be the limit in probability of n (t) /n as n → ∞. For the SL in (2), we have the limit
where h(y (t) ; µ, γ, ρ) is computed using the method in Genz and Bretz (2002) . The limit of the MSLE (as n → ∞) is the maximum of (5); we denote this limit as (µ SL , γ SL , ρ SL ). Note in passing that the limit of the standard MLE (as n → ∞) is the maximum of (5) where h(y (t) ; µ, γ, ρ)
is computed with the 1-dimensional integral method in Johnson and Kotz (1972) . For the surrogate log-likelihood in (4), we have the limit
where v (t) = 0.5 F j (y (t) ; µ, γ) + F j (y (t) − 1; µ, γ) . The limit of the DTMLE (as n → ∞) is the maximum of (6); we denote this limit as (µ DT , γ DT , ρ DT ).
We will compute these limiting MSLE and DTMLE in a variety of situations to show clearly if the simulated and surrogate likelihood methods are good. By using these limits, we do not need
Monte Carlo simulations for comparisons, and we can quickly vary parameter values and see the effects. The p (t) in (5) and (6) are the model based probabilities h(y (t) ; µ, γ, ρ), and computed with the 1-dimensional integral method in Johnson and Kotz (1972) . For a count response, we get a finite number of y (t) vectors by truncation. The truncation point is chosen to exceed 0.999 for total probabilities. Representative results are shown in Tables 1 and 2 for Bernoulli(µ), and NB2(µ, γ) margins, with MSLE results omitted because they were identical with MLE up to three or four decimal places. Therefore, the SL method leads to unbiased estimates. As regard as the surrogate likelihood method, for binary responses there is substantial asymptotic bias for both the univariate and latent correlation parameters. The only case that there is asymptotic unbiasedness for µ is when µ = 0.5. This is due the fact that the individual probabilities have the same size. For non-overdispersed count responses the surrogate likelihood method leads to approximate asymptotic unbiasedness for both the univariate and latent correlation parameters as µ increases. However, for overdispersed count responses, the method leads to asymptotic bias (decreases as µ increases or γ or ρ or d decreases) for all the univariate parameters and substantial asymptotic upward bias for the latent correlation ρ (decreases as ρ increases). Table 2 : Limiting DTMLE for MVN copula-based models with NB2(µ; γ) margins. The truncation point is chosen to exceed 0.999 for total probabilities.
To sum up, the DT approximation is worse with more discretization (larger individual probabilities). The result should not be in terms of higher mean values as in Kazianka (2013) , but in terms of the size of the discrete probabilities. For higher mean values and moderate overdispersion, the probability of any given event will decrease, and as a result, one would be linearly approximating 'smaller steps' in the cdf.
After evaluating the adequacy of the simulated and surrogate log-likelihood on finding the peak (MLE), we evaluate if the curvature (Hessian) is also correct for the cases where the MSLE and DTMLE are correct. To check this, we also computed the negative inverse Hessian H of the limit of the surrogate log-likelihood in (6) and the simulated log-likelihood in (5); because these are limits as n → ∞ of n −1 times the log-likelihood, H is the inverse Fisher information, or equivalently, the covariance matrix for sample size n is approximately n −1 H. For a comparison, we have also calculated the Hessian at the limit for the standard MLE. For simpler comparisons, we convert to standard errors (SE), say for a sample size of n = 100 (that is, square roots of the diagonals of the above matrices divided by n). Some representative results are given in Table 3 for MVN copula-based models with Poisson margins, with the MSLE results omitted because they were again identical with MLE up to three or four decimal places. The results in Table 3 show that the surrogate likelihood method slightly underestimates the SEs and underestimation of the curvature increases as the dimension d and/or the latent correlation ρ increases when the DTMLE are correct. 
Small-sample efficiency based on simulation studies
In this section we study the small-sample efficiency of the likelihood estimation methods in the case of discrete data with high-dimensional dependence. In particular we concentrate on modelling spatially aggregated (areal) binary and count data.
Let G = (V, E) be the underlying graph, where V = {1, 2, ..., d} are the vertices and E ⊂ V × V are the edges of G. Each vertex of G corresponds to a region over which measurements have been aggregated, and each edge of G represents the spatial adjacency of two such regions. Let w j be the degree of vertex j, let D = diag(w 1 , . . . , w d ), let ρ ∈ [0, 1), and let A = 1 (i, j) ∈ E be the adjacency matrix of G with rows and columns labelled by graph vertices, with a 1 or 0 in position (j, k) according to whether j and k are adjacent or not.
We adopt the same dependence model, the so named CAR copula, proposed by Hughes (2014) . This is a MVN copula constructed by the inversion method in (1). In particular, if Φ d (·; Σ) is the MVN cdf with covariance matrix
and N (0, σ 2 jj ) margins, and Φ(·; σ 2 jj )'s are the univariate normal cdfs with variances σ 2 jj 's, then the CAR copula is
where Σ = (D−̺A) −1 is the inverse of the precision matrix of the proper conditionally autoregressive (CAR) model (Gelfand and Vounatsou, 2003; Mardia, 1988) . Hughes (2014) considered only Poisson(µ) margins. Here we also consider Bernoulli(µ), NB1(µ, γ), and NB2(µ, γ) parametrization of the negative binomial distribution to allow for a comprehensive comparison. For the covariates we use the same design, i.e., we chose p = 2, x j = (x 1j , x 2j , ) ⊤ , where x 1j and x 2j are the coordinates of vertex j and let µ depend on the covariates, that is ν j = η(µ j ) = β 1 x 1j + β 2 x 2j , j = 1, . . . , d. For the regression parameters we use β 1 = −β 2 = 2 for count and binary data, respectively. These regression coefficients lead to similar mean values with the ones used by Hughes (2014) , but the size of the discrete probabilities increases. For the link function η, we took the log link function for Poisson and NB regression, and the logit link function or the probit link function for binary regression. Note also that binary and Poisson regression γ is null, while for NB1 and NB2 regression γ is scalar (r = 1).
We randomly generate data on the 15 × 15 square lattice, where the coordinates of the vertices were restricted to the unit square. We choose to focus on this lattice size since the Slovenia stomach cancer data (Zadnik and Reich, 2006) in the forthcoming section has a similar dimension. We also assume that we have a truly small sample that is just n = 1 observation per lattice. For the CAR copula model and parameter and design selections we derive the estimates via the DT and SL method. Table 4 : The results of the simulation study for the 15 × 15 lattice and logistic, Poisson, NB1 and NB2 regression for spatially aggregated (areal) binary and count data.
Representative summaries of findings on the performance of the approaches are given in Table 4 . Table 4 , contains the true parameter values, the bias, standard deviation (SD), and root mean square error (RMSE) scaled by d = 15 2 of the DT and SL estimates from 10 3 random samples generated from the CAR copula and marginal logistic, Poisson, NB1 and NB2 regression. For NB1 and NB2 regression the distribution of the DT estimators is quite skewed (e.g.,̺ is skewed to the upper bound of the parameter space), thus we also calculate the sample median to be more informative. Asterisks indicate the corresponding biases and RMSEs.
Conclusions from the values in the table and other computations that we have done are the following:
• The SL method is highly efficient according to the simulated biases and variances.
• The DT method yields estimates that are almost as good as the SL estimates for the regression parameters when there is less discretization (smaller individual probabilities).
• The DT method overestimates the univariate marginal parameters when there is more discretization (larger individual probabilities).
• The efficiency of the DT method is low for the parameter ̺ of the CAR precision matrix. The parameter ̺ is substantially overestimated and overestimation decreases as ̺ increases or the individual probabilities decrease.
Illustrations
In this section we illustrate the methods with spatially aggregated count data. In the first subsection we apply the likelihood estimation methods to the Slovenia stomach cancer data (Zadnik and Reich, 2006) , also analysed in Hughes (2014) . In this areal dataset, there are small individual probabilities.
In the second subsection the methods are in contrast applied to the Ohio lung cancer incidence data (Xia and Carlin, 1998) for which there apparently exist large individual probabilities. As emphasized in the preceding sections, the size of the discrete probabilities can substantially influence the efficiency of the surrogate likelihood method based on the DT.
The Slovenia data
In this section we re-analyse the Slovenia stomach cancer incidence data in Hughes (2014) . The Slovenia cancer incidence data consist of municipality-level (d = 194) observed deaths from stomach cancer in Slovenia for the period 1995 -2001 (Zadnik and Reich, 2006 and are provided at the supplementary material in Hodges (2013) . Number of expected deaths from stomach cancer and municipality specific socio-economic statuses as determined by Slovenia's Institute of Macroeconomic Analysis and Development are also available. The interest of this analysis is to explain the relationship of the stomach cancer cases as a function of the municipality specific socio-economic statuses.
The observed stomach cancer cases y j , j = 1, . . . , 194 are counts, so we can assume a marginal Poisson or NB1 or NB2 model with means:
where E j and SoEc j is the expected number of cases and standardised socio-economic status respectively for municipality j. For a preliminary analysis, we fit the model ignoring the spatial dependence, that is we assume independence. Figure 1 depicts the size of the estimated discrete probabilities for all models under the independence assumption. As revealed there are some small individual probabilities, suggesting that the surrogate likelihood method based on the DT might be reliable.
Poisson
Discrete probabilities Then, we fit the discrete CAR copula models performing estimation via the DT and SL methods. Table 5 gives the estimated parameters along with the maximized log-likelihoods. The best fit in terms of the log-likelihood principle is based on the MVN copula with an NB1 margin, where there is an improvement over the MVN copula with a Poisson. The log-likelihoods show that NB1 regression is marginally better than NB2 regression, and both are far better than Poisson regression (Hughes, 2014) . The estimate of the parameter ̺ of the CAR precision matrix is significantly underestimated under the assumption of a Poisson margin; there is enough improvement to change a value of̺ = 0.29 to one of̺ = 0.44.
The estimated regression coefficient evidences a negative effect of SoEc with the number of cases. A further confirmation of the effect between cases and SoEc is given by the log-profile like- -572.350 -572.223 -551.283 -551.199 -553.583 -553.482 Table 5: Estimated parameters and maximized log-likelihoods using the DT and SL methods for the Slovenia stomach cancer data.
lihoods of the SoEc coefficient displayed in Figure 2 . The profile CIs show the SoEc is significantly negatively associated with excess of stomach cancer incidence. 
The Ohio data
The Ohio lung cancer data consist of county-level (d = 88) deaths from lung cancer in Ohio for the period 1968 -1988 (Xia and Carlin, 1998 and are provided at the supplementary material in Banerjee et al. (2014) . They are stratified on race (whites vs non-whites) and gender (males vs females) ; that is there are n = 4 observations available per county. The interest of this analysis is to explain the relationship of the lung cancer cases as a function of the stratified covariates.
Another question of interest was whether the difference between males and females was different for whites and non-whites. Here we illustrate the methods for the 1975 data only but the analysis can reproduced for the other years as well.
The observed lung cancer cases y ij , i = 1, . . . , 4, j = 1, . . . , 88 are counts, so we can assume
Poisson
Discrete probabilities 
where E ij is the expected number of cases. For a preliminary analysis, we fit the model ignoring the spatial dependence, that is we assume independence. Figure 3 depicts the size of the estimated discrete probabilities for all models under the independence assumption. As revealed there are some large individual probabilities, suggesting that the surrogate likelihood method based on the DT might not be reliable.
Then, we fit the discrete CAR copula models performing estimation via the DT and SL methods. Table 6 : Estimated parameters, standard errors (SE) and maximized log-likelihoods using the DT and SL methods for the Ohio lung cancer data.
Because there is much discretization in the data, the dispersion parameter γ and parameter ̺ of the CAR precision matrix are (substantially under the assumption of an NB1 margin) overestimated. This was expected for overdispersed count data as shown in the studies of the properties of the surrogate likelihood estimates in Section 4 and Section 5.
Based on our analysis, the standard errors show the gender effect to be highly significant, and the gender by race interaction insignificant. However, for the DT analysis with Poisson regression, the gender by race interaction is statistically significant. Generally speaking, this implies that misspecifying the model and using the surrogate likelihood method based on the DT could lead to invalid conclusions.
Discussion
In this paper we have studied high-dimensional MVN copula models with discrete margins for analysing spatial discrete response data. We discussed simulated and surrogate (based on the DT) likelihood estimation methods. For the binary, Poisson, and negative binomial regression models with the MVN/CAR copula, we have shown that the surrogate likelihood method based on the DT leads to substantial upward bias for the estimates of the latent correlation/parameter of the precision matrix of the CAR model and the univariate marginal parameters when there is more discretization, that is large individual discrete probabilities.
We have shown that the SL method proposed by Nikoloulopoulos (2013b) , is highly efficient for a high-dimensional discrete response up to dimension d = 15 2 . Although there is an issue of computational burden as the dimension and the sample size increase, this will subside, as computing technology is advancing rapidly.
